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e Water is pumped into an underground tank at a constant rate of 8 gallons per minute. Water leaks
out of the tank at the rate of v/t + 1 gallons per minute, for 0 < ¢ < 120 minutes. At time ¢t = 0, the
tank contains 30 gallons of water.

(a) How many gallons of water leak out of the tank from time ¢t = 0 to ¢ = 3 minutes?

(b) How many gallons of water are in the tank at time ¢ = 3 minutes?

(c) Write an expression for A(t), the total number of gallons of water in the tank at time ¢.
)

(d) At what time ¢, for 0 < ¢ < 120, is the amount of water in the tank a maximum? Justify your

answer.
Solution:
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( ) is positive for 0 < t < 63 and negative for 63 < ¢ < 120. Therefore there is a maximum at
= 63.
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e On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel
2

t
processing plant is modeled by G(t) = 90 + 45 cos (1_8> , where t is measured in hours and 0 <t < 8.

At the beginning of the workday (¢t = 0), the plant has 500 tons of unprocessed gravel. During the
hours of operation, 0 < ¢t < 8, the plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G'(5). Using correct units, interpret your answer in the context of the problem.

(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of
operation on this workday.

(c) Is the amount of unprocessed gravel at the plant increasing or decreasing at time ¢ = 5 hours?
Show the work that leads to your answer.

(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation
on this workday? Justify your answer.

Solutions:

(a) G'(5) = —24.588 (or —24.587)

The rate at which gravel is arriving is decreasing by 24.588 (or 24.587) tons per hour per hour
at time t = 5 hours.

8
(b) / G(t) dt = 825.551 tons
0

(c) G(5) = 98.140764 < 100

At time ¢t = 5, the rate at which unprocessed gravel is arriving is less than the rate at which it
is being processed. Therefore, the amount of unprocessed gravel at the plant is decreasing at
time ¢t = 5.

(d) The amount of unprocessed gravel at time ¢ is given by

A(t) = 500 + /t(G(s) —100) ds.

A(t) =G(t) =100 =0 = ¢ = 4.923480

/ At)

0 500
4.92348 635.376123
8 525.551089

The maximum amount of unprocessed gravel at the plant during this workday is 635.376 tons.



AP Calculus: Rate and Accumulation VPMathTutor.com

e The rate at which rainwater flows into a drainpipe is modeled by the function R, where R(t) =

20 sin <%> cubic feet per hour, ¢ is measured in hours, and 0 <t < 8. The pipe is partially blocked,

allowing water to drain out the other end of the pipe at a rate modeled by D(t) = —0.04¢3+0.4t*+0.96¢
cubic feet per hour, for 0 <t < 8. There are 30 cubic feet of water in the pipe at time ¢t = 0.

(a) How many cubic feet of rainwater flow into the pipe during the 8-hour time interval 0 < ¢ < 8?7

(b) Is the amount of water in the pipe increasing or decreasing at time ¢ = 3 hours? Give a reason
for your answer.

(c) At what time t,0 < ¢ < 8, is the amount of water in the pipe at a minimum? Justify your
answer.

(d) The pipe can hold 50 cubic feet of water before overflowing. For ¢t > 8, water continues to flow
into and out of the pipe at the given rates until the pipe begins to overflow. Write, but do not
solve, an equation involving one or more integrals that gives the time w when the pipe will begin
to overflow.

Solutions:
(a) [o R(t)dt = 76.570

(b) R(3) — D(3) = —0.313632 < 0
Since R(3) < D(3), the amount of water in the pipe is decreasing at time ¢ = 3 hours.

(¢) The amount of water in the pipe at time ¢,0 <t < 8, is
30 + [3[R(z) — D(x)] da.

R(t)— D(t) = 0=t = 0,3.271658

t ‘ Amount of water in the pipe
0 30

3.271658 27.964561
8 48.543686

The amount of water in the pipe is a minimum at time ¢ = 3.272 (or 3.271) hours.

(d) 30 + ["[R(t) — D(t)] dt = 50
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t (hours) 0 1 3 6 8
R(t) (liters / hour) | 1340 | 1190 | 950 | 740 | 700

Water is pumped into a tank at a rate modeled by W (t) = 2000e /20 liters per hour for 0 <t <8,
where ¢ is measured in hours. Water is removed from the tank at a rate modeled by R(t) liters per
hour, where R is differentiable and decreasing on 0 < ¢t < 8. Selected values of R(t) are shown in the
table above. At time t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R/(2). Show the work that leads to your answer. Indicate units of measure.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total
amount of water removed from the tank during the 8 hours. Is this an overestimate or an
underestimate of the total amount of water removed? Give a reason for your answer.

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to
the nearest liter, at the end of 8 hours.

(d) For 0 <t < 8, is there a time ¢t when the rate at which water is pumped into the tank is the
same as the rate at which water is removed from the tank? Explain why or why not.

Solutions:

(a) R(2) ~ BGIRM) _ 950-1190 — 190 liters /hr”

(b) The total amount of water removed is given by fos R(t) dt.
[FR(t)dt ~1-R(0)+2- R(1)+3- R(3) + 2 R(6)
= 1(1340) + 2(1190) + 3(950) + 2(740)
= 8050 liters

This is an overestimate since R is a decreasing function.

(c) Total = 50000 + [ W (t) dt — 8050
= 50000 + 7836.195325 — 8050 ~ 49786 liters

(d) W(0) — R(0) >0, W(8) — R(8) < 0, and W (t) — R(t) is continuous.

Therefore, the Intermediate Value Theorem guarantees at least one time ¢,0 < ¢t < 8, for which
W(t) — R(t) =0, or W(t) = R(t).

For this value of ¢, the rate at which water is pumped into the tank is the same as the rate at
which water is removed from the tank.

Problems adapted from the College Board Question Bank and released practice tests.



